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ALTHOUGH theoretical calculations indicate that

Athe
Rytov approximation is of limited validity, 1 ' 2 some of those interested in questions pertaining to the effect of the atmosphere on optical propagation remain unconvinced that such a limitation exists. Apparently, the principal reason for this feeling is the thought that the singular behavior of the perturbation solution can be removed by adding a so-called constant to the Rytov solution, 3 ' 4 the chosen value of the "constant" being such that energy is conserved. Another factor which has influenced the proponents of the Rytov approximation is the apparent experimental verification cited by Fried.
5 These arguments are refuted in this paper. It is shown, on the basis of both theoretical and experimental evidence, that the Rytov approximation is unquestionably of limited validity. Moreover, it is shown that these limitations seriously impair the use- fulness of the Rytov approximation in problems involving optical propagation in the atmosphere.
VALIDITY CONDITION
It is interesting to note that the limitations on the Rytov approximation were recognized some time ago by the original proponents of Rytov's method. A search of Russian literature has revealed that shortly after the appearance of the work of Chernov 5 and Tatarski, 7 the use of the Rytov approximation was questioned by Pisareval and Feinberg. 9 In response to these criticisms, Tatarski examined the question of validity and arrived at a similar conclusions He found that the error associated with the use of the Rytov approximation in the calculation of wave fluctuations induced by atmospheric turbulence is large unless the mean-square fluctuation of logarithmic amplitude (X2) is much smaller than unity. The same condition is obtained from the calculations of Ref. 2 when (1) the spectral density of the index fluctuation is represented by the Kolmogorov spectrum; (2) the wavelength X, outer scale Lo, and distance z from the source are assumed to satisfy z<<Lo'/X, and (3) it is required that the second term in the perturbation expansion of the logarithmic amplitude be smaller than the first, i.e., smaller than the Rytov result."
1 For propagation over a path along which the statistics of the index fluctuations vary slowly, the condition for a plane wave is
where X, is the Rytov approximation to the logarithmic amplitude, k is the wavenumber 2 7r/X, and CN 2 is the index structure function. ' The nature of the limitation imposed by Eq. (1) is illustrated in Table I the distance at which (X 1 2 )= 1. These results apply to propagation along a path on which CN 2 is constant. The values of CN 2 are typical of those associated with turbulence in the first few hundred meters of the atmosphere: 30X 10-1" applies to strong daytime turbulence within a few meters of the ground; 3X 10-1 and 7X10-1" are typical of moderate daytime turbulence and/or strong nighttime turbulence; and 0.30X 10-15 is typical of the very weak turbulence which occurs in the near-neutral periods at dawn and dusk.
EFFECT OF ADDING A "CONSTANT" TO THE RYTOV SOLUTION Now, we consider whether the restriction given in Eq. (1) can be circumvented by adding a term to the Rytov solution, as proposed in Refs. 3 and 4. The Rytov solution for propagation in a medium having a mean refractive index no(r) and a random component 11 The condition derived in Ref. 2 applies to a medium in which the integral scale I (I-lo) of the index fluctuations is such that the condition z>> (1/X) is satisfied. As stated in that paper, the Rytov approximation then has the same domain of validity as the Born approximation. This result does not hold when the condition assumed in the derivation of Eq. (1) is satisfied; i.e., z<<(12/X) (Lo'/X). However, although the Rytov approximation has a greater range of validity than the Born approximation in this case, the fact remains that the applicability of the Rytov approximation is still very seriously limited by the singular behavior of the perturbation series discussed in Ref. 2. The results in Table I 
where exp [4,o(r) ] is the solution in the limit of zero e; and E4,jo(r) is the first term in a perturbation serieŝ En,(r)= E ef1 (r) determined by the recursive system of equations
Even the proponents of the Rytov solution agree that the approximation given by Eq. (2) is inadequate since it does not satisfy energy conservation, i.e., (u. *) -exp[V/o+^6o*]. Hence, it was proposed in Refs. 3 and 4 that Eq. (2) be modified so that energy conservation is satisfied. This entails the addition of the term -(X-)==-E((ReV,jo)') to the exponent of Eq. (2).1" The resulting approximation is
(8) In order to illustrate that the applicability of Eq. (8) is also limited by the condition given in Eq. (1), the approximation to the variance of wave intensity (9) obtained from Eq. (8) will be compared with that obtained from the full perturbation solution given in Eq. (3). For the sake of simplicity, it is assumed that the unperturbed wave is plane. The variance of intensity for the modified Rytov solution is easily evaluated by noting that ibjo(r) is a gaussian random variable. 7 The result is
where the subscript MR denotes that this is the modified Rytov result. Although it is not possible to obtain a closed-form expression for the variance associated with the full perturbation solution of u(x), a series representation can be derived by noting that the intensity u * can be written
where X=Re(4' 1 ), Xm e Re(h, -,). Terms in Eq. (11) are grouped according to the power of e to which they are proportional: (2Xi) to e; (2x2+2x12) to e2; and so on. Conservation of energy requires that the ensemble average of each of these terms be zero. The terms proportional to odd powers of e are automatically zero by virtue of the nature of the solutions of Eqs. (4)- (7). Equating to zero the terms proportional to even powers of c yields
etc. Substitution of Eqs. (12) and (13) in the power-series representation of a 2 obtained from Eq. (11) gives
and since Xi is gaussian, (xi4)=3(Xl2). Hence,
Now, compare Eq. (15) with the first two terms in the Taylor-series expansion of Eq. (10). The first term in each series is 4(X12). However, the second terms do not agree, since Eq. (15) (2) since the various statistics of wave fluctuations are not equally sensitive to errors in theory, the domain of validity of results derived from the Rytov theory depends on the statistical quantity which is being calculated; although the Rytov theory yields an MTF which agrees with the data of Coulman, it does not follow that the variance of intensity fluctuations calculated from the Rytov theory would also agree with experiment (unfortunately, Coulman did not record intensity fluctuations). Coulman's data are inconclusive. The fact that the MTF derived from the Rytov theory fits these data does not guarantee that such will be the case when (Xjl) exceeds the maximum of 0.332 attained in Coulman's experiments. Furthermore, these data reveal little regarding the domain of validity of the Rytovtheory results for intensity fluctuations. The amplitude function in the modified geometrical optics is determined as a power series in e by the recursive system of equations In contrast to the conventional geometrical-optics approximation, which becomes invalid at distances of the order 1o2/X(lo=inner scale of turbulence), the modified geometrical-optics approximation appears to have a domain of validity comparable to that of the Rytov approximation. The factor of which appears in the exponent of the MTF for a spherical wave is a direct consequence of the difference in ray geometry of plane and spherical waves. unity. The experiment of Gracheva and Gurvich was the only one of the three in which the index structure constant CN 2 was measured along with the intensity fluctuations. Saturation was observed when (x 1 2 )> 1 which is consistent with our theoretical prediction that significant departures from the Rytov-theory results are likely if Eq. (1) is not satisfied.
PROPAGATION NEAR THE ZENITH
The discussion up to this point has concerned the limitation on the Rytov approximation caused by the singular behavior of the perturbation solution given in Eq. (3). There is another limitation on the Rytov theory which is important in problems involving propagation near the zenith. The inequality in Eq. (1) is usually satisfied in these problems. To a very good approximation, the effect of the atmosphere can be represented by appropriately positioned phase screens (a phase screen is defined as a screen which perturbs the phase of an electromagnetic wave passing through it, but not the amplitude). Most astronomers ascribe the intensity fluctuations of starlight to the existence of a phase screen near the tropopause (see, e.g., Ref. 21).
According to theory, the intensity fluctuations at the earth's surface are caused by the interference of waves diffracted at this screen. The turbulent boundary layer near the surface of the earth also acts as a phase screen, but does not contribute appreciably to the intensity fluctuations of starlight. Now, the calculations of such problems. On extending Pisareva's results, which apply to propagation through a layer with gaussiancorrelated index inhomogeneities, to a more general type of layer, we find that Eq. (1) is not sufficient unless the distance from the phase screen (layer) satisfies
where 1' is the microscale, p(r) is the correlation function, and +(K) is the three-dimensional spectral density of the phase fluctuations at the screen [normalized so that p(O) = 1]. At greater distances, Eq. (1) must be supplemented by the condition that the magnitude of the phase fluctuations caused by the screen (layer) be small. 23 However, the phase perturbations induced by atmospheric turbulence are not small. Hence, the domain of validity of the Rytov approximation for paths near the zenith is limited to the near field of the first layer encountered by the wave
Equation (20) limits the applicability of the Rytov approximation in problems involving outward propagation near the zenith to altitudes below a few kilometers; i.e., up to a kilometer or so above the turbulent boundary layer near the earth's surface. Lack of information regarding the structure and properties of the layer near the tropopause makes it impossible to predict with certainty the nature of the limitation imposed by Eq. (20) in problems involving inwardly propagating radiation. Suffice it to say that available stellar-scintillation data suggest that the Rytov approximation may not apply at the surface of the earth.
SUMMARY AND DISCUSSION
The limitations on the applicability of the Rytov approximation have been explored from a number of points of view in the preceding paragraphs. In summary, it has been shown that: (1) the singular behavior of the perturbation series of which the Rytov approximation is the first term cannot be removed by adding a "constant" as suggested by the proponents of Rytov's method; (2) the validity of the Rytov approximation is limited to situations in which the mean-square value of 23 The conditions discussed here for the validity of the Rytov approximation in phase-screen problems are consistent with the more general observation that the Rytov approximation does not account for multipath effects. Their is only one geometrical-optics ray passing through each point in the near field of a phase screen. The Rytov approximation yields valid results in this domain. However, in the far field where more than one ray can pass through a given point, the Rytov approximation fails, the logarithmic amplitude fluctuation is much smaller than unity; for optical propagation in the atmosphere this leads to the condition expressed in Eq. (1); (3) the MTF data of Coulman do not provide a good test of the validity of the Rytov approximation; (4) experimental data on the range dependence of intensity fluctuations do not agree with the predictions of the Rytov approximation; and (5) in problems involving propagation near the zenith, the validity of the Rytov approximation is limited to the near field of the turbulent layers at the surface of the earth and near the tropopause. These results should convince even the most ardent advocates of the Rytov approximation that its applicability is seriously limited at optical wavelengths. Of particular importance is the fact that the Rytov approximation does not apply in most cases of laser propagation in the atmosphere.
At present, there exists no theory that adequately treats the problem of laser propagation in the lower 1543 atmosphere beyond the range limitation imposed by Eq. (1). The multiple-scattering theory discussed in Ref. 17 is valid for long-distance propagation when ekl<<1, but this condition is not satisfied for propagation in the atmosphere at optical fr equencies. 24 In the case of propagation near the zenith, the situation is better. The validity of the Rytov approximation is again limited; in this case, because of the multipath effects discussed in the last paragraph. However, the available theories of propagation through phase screens can be utilized to calculate the effects of atmospheric turbulence on waves propagated near the zenith (e.g., see Ref. 25) . The burden here is more experimental than theoretical; the principal problem is the determination of the statistical properties of the phase screens.
